Introduction
Heegner points on the modular curve X 0 (N ), and their images on elliptic curve factors E of the Jacobian, enjoy many remarkable properties. These points are the moduli of level structures with endomorphisms by the ring of integers of an imaginary quadratic field K. Their traces to E(K) have height given by the first derivative at s = 1 of the L-function of E over K (cf. [GZ86] ), and their ℓ-divisibility in the Mordell-Weil group controls the first ℓ-descent on E over K (cf. [Gro] ).
In this note, we show how their ℓ-divisibility in the local group E(K p ), where p is a prime that is inert in K, often determines a first descent over K on a related abelian variety A over Q. The abelian variety A is associated to a modular form of weight 2 and level N p that is obtained by Ribet's level-raising theorem from the modular form of level N associated to E. This descent result is Theorem 2 below. To prove the descent theorem, we compare the local conditions defining a certain Selmer group for A with those defining the ℓ-Selmer group for E. The conditions agree at places of K prime to p, and at p the condition changes from the unramified local condition to a transverse condition. The parity lemma proved in §5.3 then compares the ranks of the corresponding Selmer groups in terms of the ℓ-divisibility of P in E(K p ) and allows us to understand a first descent on A/K based on Kolyvagin's determination of the first ℓ-descent on E/K.
Some related work on the Selmer group can be found in [BD99, Prop 1.5] and [BD05] ; a comparison with the value of the L-function at s = 1 is given in [BD99, Thm 1.3].
The main theorem
2.1. Heegner points and Kolyvagin's descent. Let E be an elliptic curve over Q of conductor N . It is now known that E is modular (cf. [BCDT01] ): the L-function L(s, E) = n≥1 a n n −s of E over Q is the Mellin transform of a modular form f (τ ) = n≥1 a n e 2πinτ of weight 2 on Γ 0 (N ). Together with the isogeny theorem of [Fal83] , this implies that there is a dominant morphism π : X 0 (N ) → E over Q, where X 0 (N ) is the modular curve classifying elliptic curves with a cyclic N -isogeny (cf. [BSD75] ). We will assume π has minimal degree, and that it maps the cusp ∞ to the origin of E. Then π is determined up to sign. Let K be an imaginary quadratic field where all primes dividing N are split, and choose a factorization (N ) = n · n with gcd(n, n) = 1 in the ideals of the ring of integers O K of K. The isogeny of complex elliptic curves C/O K → C/n −1 defines a point x ∈ X 0 (N )(C). By the theory of complex multiplication, x is defined over the Hilbert class field H of K. We define
in E(K).
Then P is defined up to sign by E and K. For these facts and a general introduction to Heegner points, see [Gro84] . We will assume, in the rest of this paper, that P has infinite order in E(K). By the main result in [GZ86] , this condition holds precisely when L ′ (1, E/K) = 0. Since E(K) is finitely generated, P can be divisible only by a finite number of primes ℓ in E(K). Kolyvagin showed that the group E(K) has rank 1, and he completed the first ℓ-descent at the primes that do not divide P . More precisely, assume that a: ℓ is an odd prime that does not divide P in E(K), b: the Galois representation
is surjective.
Recall that the ℓ-Selmer group Sel(E/K, ℓ) is the subgroup of classes in H 1 (K, E[ℓ]) consisting of classes c whose local restrictions c v ∈ H 1 (K v , E[ℓ]) lie in the images of the local Kummer maps E(
. Kolyvagin showed the following:
Theorem 1. Assume that P has infinite order in E(K) and that conditions a) and b) hold. Then the ℓ-Selmer group Sel(E/K, ℓ) has dimension 1 over Z/ℓZ, and it is generated by the image of P ∈ E(K) under the global Kummer map E(K) → H
(K, E[ℓ]).
A proof is given in [Gro] .
2.2. Level-raising and local divisibility of P . Now let p = ℓ be a prime that is inert in K. Then p does not divide N . Under the conditions of Theorem 1, we will consider the local divisibility of P by ℓ in E(K p ). The following observation motivates the analysis below:
Lemma 1. If the Heegner point P is not divisible by ℓ in E(K p ), then c: a p ≡ ±(p + 1) (mod ℓ). More precisely, the sign in c) can be taken to be −ǫ, where ǫ is the sign of the functional equation of L(s, f ).
Proof. Since P is not divisible by ℓ in E(K p ), it has non-zero image in E(K p )/ℓE(K p ). As p does not divide N ℓ, the latter group is isomorphic to E(F p 2 )/ℓE(F p 2 ), where O p is the ring of integers of K p and E/O p is the Néron model. Since E(F p 2 ) is a finite group, the elliptic curve E/F p 2 has a rational ℓ-torsion point. Therefore, Frob
is equal to a p modulo ℓ, this completes the proof of c).
The more precise statement about the sign follows from the formula
where t ∈ E(Q) is a torsion point (cf. [Gro84] ): by assumption b), the order of t is prime to ℓ, and so the image of P in E(K p )/ℓE(K p ) satisfies Frod p (P ) = −ǫP . Consequently, E/F p 2 has a rational ℓ-torsion point in the −ǫ eigenspace for Frob p , and the eigenvalues of Frob p are −ǫ and −ǫp.
From now on, we assume that condition c) holds, which is automatic when P is not divisible by ℓ in E(K p ) by the lemma. Conditions b) and c) are the hypotheses of the level-raising Theorem 1 of [Rib90] . This theorem produces a normalized newform g of level dividing N p that is p-new and that has trivial Nebentypus character. The theorem also constructs a place λ of Q over ℓ, and g and λ have the property that for all rational primes q = p, one has (2.1)
2.3. The Eichler-Shimura construction. Let h ∈ S 2 (Γ 0 (M ), C) be a normalized newform, and let F = Q(h) be the subfield of C generated by its Hecke eigenvalues. The Eichler-Shimura construction associates to h a pair (A, i), where A is an abelian variety up to isogeny over Q of dimension [F : Q], and where i : F → End 0 (A) is an isogeny action of F on A that is defined over Q.
Recall the construction: corresponding to the newform h, one has an algebra homomorphism Q ⊗ Z T → F , where T is the Hecke algebra at level M . The object (A, i) is Hom Q⊗T (F, J 0 (M )), suitably interpreted, where J 0 (M ) is considered as an abelian variety over Q up to isogeny with action of Q ⊗ T as endomorphisms. Since J 0 (M ) has good reduction at finite places of Q not dividing M , so does A. Let ω be a finite place of F over the place w of Q. The ω-adic Tate module V ω (A, i) = F ω ⊗ Q w V w (A) is a 2-dimensional vector space over F ω , which admits an action of Gal(Q/Q) that is unramified away from M and w. The Eichler-Shimura relation implies that for any finite place v of Q prime to M and w, the characteristic polynomial of (arithmetic) Frobenius at v acting on
2.4. The theorem. Let (A, i) be the object associated by the EichlerShimura construction to the newform g provided by Ribet's levelraising theorem. There is an abelian variety over Q in the isogeny class A such that the maximal order R ⊂ F = Q(g) acts on A compatibly with i (cf. [Shi98] , §7.1, Proposition 7). We fix one such abelian variety in the isogeny class, and we write (A, i) for it as well. Many constructions below depend on the action i : R → End(A), but since it is fixed throughout, we will generally omit it from the notation.
Let I be the maximal ideal of R induced by the finite place λ of Q provided by Ribet's theorem. The main result below compares the first I-descent on A/K with the first ℓ-descent on E/K. The I-descent structures on A are very similar to the ℓ-descent structures on an elliptic curve. Since I need not be principal, however, one must often tensor with powers of the R-modules I and I −1 to define maps whose ℓ-descent analogues would involve multiplying by powers of the generator ℓ of (ℓ) ⊂ Z. For example, for an R-module M , the R-linear analogue of the multiplication-by-ℓ endomorphism is the homomorphism I ⊗ R M → M : if I is principal, then the choice of a generator x, which can also be viewed as an isomorphism x : R → I, converts I ⊗ R M → M into the endomorphism of multiplication by x on M .
To complete the first I-descent, we define an I-Selmer group of A/K as follows: let I −1 ⊗ R A be the K-scheme that represents the functor
. We show that this functor is representable, and we give more details on the abstract formalism of Idescent, in the appendix below. Then I −1 ⊗ R A is an abelian variety of the same dimension as A/K, on which R acts as endomorphisms. For example, if A(C) = C [F :Q] /Λ, then the lattice Λ has a natural R-module structure, and
is the unique extension of the embedding of its finite-index subgroup Λ.)
The inclusion R → I −1 induces an isogeny A → I −1 ⊗ R A defined over K with kernel A[I], the group scheme of I-torsion sections of A. We thus have the exact sequence
of group schemes over Spec(K). Passing to Galois cohomology, we find a global Kummer (boundary) map
In the familiar situation of ℓ-descent, the boundary map
In the I-descent formalism, we would replace
The image of (ℓ −1 ) ⊗ x under the Kummer map is the fiber over this point of the isogeny E → (ℓ) −1 ⊗ E. For each place v of K, there are analogous local Kummer maps
The I-Selmer group of (A, i), denoted Sel(A/K, I), is the group of classes c ∈ H 
) is the image of the natural map
and so the image of the Kummer map is
The R/I-dimension of Sel(A/K, I) is thus an upper bound on the rank of A(K) as R-module, just as the Z/ℓZ-dimension of Sel(E/K, ℓ) is an upper bound on the rank of E(K) as Z-module. Let us impose the following additional assumptions on p, N, and E: d: ℓ is prime to N , e: For each prime q dividing N , the dimension of the q-inertia invariants of the modulo-ℓ Galois representation
is 1, if E has multiplicative reduction at q, and is 0, if E has additive reduction at q, f: p 2 ≡ 1 (mod ℓ). Since ℓ is prime to N , condition e) is equivalent to the statement that the conductor of ρ in the sense of [Ser87] is equal to the conductor N of E/Q. By level-lowering theorems (cf. [Dia95] ), condition e) means that f is a form of minimal level among those giving rise to the modulo-ℓ representation ρ. It also implies that the form g constructed by level raising has level N p.
We will deduce the following result about the I-descent on A/K from Kolyvagin's result stated in Theorem 1:
Theorem 2. Assume that P ∈ E(K) has infinite order and that conditions a)-f ) hold. Then
The I-adic Tate module
is a lattice in V λ (A, i) and is thus free of rank 2 over the I-adic completion of R. 
by means of the fixed isomorphism
Using assumptions a)-f), we describe these local conditions entirely in terms of the Galois module
The local conditions agree at all places v of K except at v = p, where the two conditions are transverse. By combining this local analysis with a global parity lemma, proved in §5.3, we deduce Theorem 2 from Theorem 1. In §4 we study the local conditions defining the Selmer groups at places v = p of K, and in §5 we study the conditions at v = p and use the parity lemma to prove the theorem. In §6 below, we make explicit the compatibility with the parity predictions of the conjecture of Birch and Swinnerton-Dyer.
Néron models of abelian varieties with real multiplication
This section contains preliminary remarks that will be applied in § §4 and 5 to Néron models of E and A in order to describe the images of the local Kummer maps entirely in terms of the Galois modules underlying 
, which is a free Z-module of rank dim(T ), with the induced action of Gal(k L /k L ) on this lattice. The semi-stable abelian variety B/L has good reduction, if the torus component of the special fiber is trivial. In this case, the special fiber is connected and is an abelian variety, and so B/O L is an abelian scheme. If the abelian-
Lemma 2. If B/L has semi-stable reduction, then B/L has either good reduction or purely toric reduction. In the purely toric-reduction case, the functorial action of R 0 on X * (T /k L ) makes this lattice an invertible R 0 -module.
Proof. By functoriality of the Néron model, the action j induces a (unital) ring homomorphism
In the first case, B/L has good reduction. In the second case, B/L has purely toric reduction, and
Thus the character lattice is an invertible R 0 -module, since R 0 is the maximal order of F 0 .
Consider the purely-toric reduction case of the lemma. Since T is split over k L , we have the natural isomorphism
which is a functorial expression of the fact that T /k L is isomorphic to a product of copies of the multiplicative group G m indexed by any basis of X * (T /k L ). Thus for any ideal I 0 of R 0 , we have
Therefore, we have
As an abstract group, k L × is isomorphic to q =q 0 Q q /Z q , where q runs over primes not equal to the characteristic q 0 of k L . Consequently, if I 0 is a maximal ideal such that the order of
We state this fact as a lemma for later reference.
Lemma 3. Assume that B/L has purely toric reduction. Let I 0 be a maximal ideal of R 0 such that the order of
3.2. Component groups in the general case. We now consider abelian varieties B/L with endomorphisms j : R 0 → End(B) as above, but we allow arbitrary (not necessarily semi-stable) reduction. Let B/O L be the Néron model of B/L, and let B 0 /k L be the connected component of the identity of B/k L . In the general case B 0 /k L is a successive extension of an abelian variety, a torus, and a connected unipotent group. In this section, we are concerned with the component group scheme Φ = B/B 0 of the special fiber. It is a finite,étale R 0 -module scheme over k L . Let B 0 /O L be the smooth group scheme whose generic fiber is B/L and whose special fiber is
Let I 0 ⊂ R 0 be a maximal ideal such that the order of R 0 /I 0 is invertible in O L and thus in L and k L . Let us see how the group
We claim that this extension of R 0 -modules splits. Since the group
is a direct sum of copies of R 0 /I 0 as R 0 -module, it suffices to show that (3.1) Ext
To see this vanishing, we consider the homomorphism B → I −1 0 ⊗ R 0 B of smooth group schemes over O L , as in the formalism of I 0 -descent discussed in the appendix. On the relative Lie algebras, this morphism is the natural homomorphism of free O L -modules
The kernel and cokernel are annihilated by I 0 ; since I 0 contains the order of R 0 /I 0 , which is a unit in O L , the map is an isomorphism. Consequently, the homomorphism of smooth group schemes B → I
Since the geometric fibers of B 0 and I
Since the map
is surjective, we obtain the desired vanishing (3.1).
If we choose a splitting, then we find an R 0 /I 0 -module isomorphism
Let L be a maximal unramified extension of L with residue field k L , and let O e L be the valuation ring of L. By the Néron property, we have
3.3. Reduction of E and A at finite places of K. We now describe some aspects of the reduction of E and A at primes q of Q and at finite places v of K using the results of this section and hypotheses a)-f). Since N is the conductor of E/Q, if q and v are prime to N , then E/Q has good reduction at q, and E/K has good reduction at v. Let v be a place of K dividing N and let q be the prime of Q lying under v. The elliptic curve E/Q then has either multiplicative or additive reduction at q. Since, by assumption, q is unramified and splits in K, we have Q q = K v , and the elliptic curve E/K has the same reduction at v as E/Q at q. If E/Q has additive reduction, then by condition e), there are no non-zero inertia invariants in E[ℓ](Q q ). Thus by Lemma 4, since ℓ is prime to N , the component group of the reduction at q has no ℓ-torsion. If E/Q has multiplicative reduction at q, then the inertia invariants in E[ℓ](Q q ) are 1-dimensional over Z/ℓZ by assumption e). By Lemma 3 and 4, all of these inertia invariants come from the torus part of the reduction, and the component group of the reduction at q again has no non-zero ℓ-torsion.
If q and v are prime to N p, then the abelian variety A/Q has good reduction at q, and A/K has good reduction at v, since A/Q is an isogeny factor of J 0 (N p)/Q, which has good reduction away from N p. It follows from the construction of the semi-stable model of J 0 (N p)/Q p over Z p (cf. [DR73] ) that the new quotient of J 0 (N p)/Q has purely toric reduction at p. Since the eigenform g used to construct A/Q is new at p, the abelian variety A/Q thus has purely toric reduction at p. Therefore, A/K has purely toric reduction at places v of K dividing p.
By condition e), the Galois module
as Galois modules, the Galois module A[I](Q) is also ramified at primes q dividing N . Therefore, A/Q q has bad reduction at all primes q dividing N . As above, if v is a place of K dividing N and lying over the rational prime q, then q is unramified and split in K. Therefore K v = Q q , and so the reduction of A/K at v is the same as the reduction of A/Q at q. If q divides N but q 2 does not divide N , then A/Q has semistable reduction at q (and hence v), since it is an isogeny factor of J 0 (N p)/Q, which has semi-stable reduction at q. Since A/Q has bad reduction at q, it has purely toric reduction by Lemma 2. The inertia invariants in A[I](Q q ) are 1-dimensional over R/I by assumption e) and the isomorphism R/I ⊗ E[ℓ](Q) = A[I](Q). Therefore, by Lemmas 3 and 4, the component group of the reduction of A/Q at q has no Itorsion. On the other hand, if q 2 divides N , then E/Q has additive reduction at q, the inertia invariants in A[I](Q q ) are 0-dimensional over R/I by assumption e) and the isomorphism R/I ⊗ E[ℓ](Q) = A[I](Q). Therefore, by Lemma 4, the component group of the reduction of A/Q at q has no I-torsion.
Proof of Theorem 2: local conditions at v = p
To prove Theorem 2, we will compare
We compare these two Selmer groups by comparing the local conditions in
) be the image of the local Kummer map
The remainder of the present section is devoted to proving 
From either description, it is clear that formation of unramified classes is functorial in V . Suppose that there is a finite, free group scheme G/ Spec(O L ) whose restriction to Spec(L) represents V . One then has the subspace of flat
The formation of such a subspace is functorial in the flat model G over Spec(O L ). 
By the Néron mapping property we have B(O L ) = B(L), and so the left vertical arrow in an isomorphism. Furthermore, the top arrow is surjective, which one sees as follows:
The cokernel of the top arrow is the kernel of
, and so to see surjectivity, it suffices to check that H 
Finally, let v be a place of K dividing ℓ. Let E/Z ℓ and A/Z ℓ be the Néron models of E/Q ℓ and A/Q ℓ , respectively. Since ℓ is prime to N p, these models are abelian schemes. Furthermore, the base changes 
5. Proof of Theorem 2: local condition at v = p and the parity lemma
The conditions at
is unramified at p, since p is prime to the conductor N of E/Q. By assumption c), the eigenvalues of Frob p 2 on E[ℓ](K p ) are 1 and p 2 . By assumption f), we have p 2 ≡ 1 (mod ℓ), and so E[ℓ](K p ) splits as a sum of the Frob p 2 -eigenspaces for the eigenvalues 1 and p 2 . Therefore, we have an isomorphism of R/I-vector schemes (or (R/I)[Gal(K p /K p )]-modules):
A[I]/K p = R/I ⊕ R/I(1), where R/I(1) is the R/I-vector scheme R/I ⊗ µ ℓ . Lemma 8. The spaces H 1 (K p , R/I) and H 1 (K p , R/I(1)) are each 1-dimensional over R/I. Furthermore,
Proof. We have H 1 (K p , R/I) = Hom(Gal(K p /K p ), R/I). Since R/I is abstractly a sum of copies of Z/ℓZ and ℓ = p, any such homomorphism is tamely ramified. Furthermore, by assumption f), any tamely ramified homomorphism is unramified. Therefore all classes in H 1 (K p , R/I) are unramified, and H 1 (K p , R/I) → R/I, sending a cohomology class to the image of Frob p 2 in R/I, is an isomorphism. 
By Kummer theory, we have H
and so we find that L p is the summand
), we will use the rigid-analytic uniformization of A/K p . Since it is an isogeny factor of the new quotient of J 0 (N p)/Q, the abelian variety A/Q p has purely toric reduction. Let A/Z p be its Néron model. By Lemma 2, the F -vector space Q ⊗ Z X * (A 0 /F p ) is 1-dimensional, and so the group Gal(F p /F p ) acts on it via a continuous F × -valued character. Since F is totally real, this character must be quadratic. The group scheme A 0 /F p 2 is thus a split torus.
Since A/Q p has semi-stable reduction, the (split) torus A 0 /F p 2 is identity component of the special fiber of the Néron model of A/K p . Let T /K p be the split torus whose character group is X * (A 0 /F p 2 ). Let R act as endomorphisms of T /K p dual to the action of R on X * (A 0 /F p 2 ). One then has the rigid-analytic uniformization
Consider the following diagram comparing the Kummer maps for T /K p and A/K p , where the vertical maps come from the analytic uni-
(5.1)
Since Λ[I] = 0, the uniformization induces an injection ) is 1-dimensional, if the Heegner point P is divisible by ℓ in E(K p ): in this case the restriction to p of the image of P in Sel(E/K, ℓ) vanishes, and so R/I ⊗ Sel(E/K, ℓ) = Sel s (A/K, I). Therefore, if P is divisible by ℓ in E(K p ), the R/Idimension of Sel(A/K, I) is either 1 or 2. Similarly, if P is not divisible by ℓ in E(K p ), then Sel s (A/K, I) is 0-dimensional; in this case, the R/I-dimension of Sel(A/K, I) is either 0 or 1.
As is explained in §6 below, the conjecture of Birch and SwinnertonDyer suggests that the R/I-dimension of Sel(A/K, I) should be even. In order to finish the proof of Theorem 2, we must exclude the possibility that Sel(A/K, I) is 1-dimensional over R/I, in harmony with the conjecture. In order rule out the 1-dimensional case, we present in §5.3 a variant of an argument which was shown to us by Benjamin Howard.
5.3. The parity lemma. Let k be a finite field of characteristic ℓ and let M be a totally imaginary number field. In what follows, we will take k = R/I and M = K. Let V be locally constant constructiblé etale sheaf of k-vector spaces over Spec(M ), equipped with a perfect, alternating, k-bilinear pairing V × V → k(1). In the application to Theorem 2, we will take V = A[I] and use the pairing coming from the Weil pairing on E[ℓ]. For each finite place v of M one then has the perfect, symmetric, k-bilinear Tate-local-duality pairing
The duality pairing is the composition of the product
Assume that for almost all v, one has Λ v = H 1 unr (M v , V ). Assume furthermore that each Λ v is its own annihilator under the Tate pairing. This assumption implies that each H 1 (M v , V ) has even dimension over k and that each Λ v is a totally isotropic subspace of half the dimension of H 1 (M v , V ).
Thus the Tate pairing on H 1 (M v , V ) is a split symmetric bilinear form, and Λ v is a maximal totally isotropic subspace.
We distinguish one fixed finite place w of M , which will be the place p of K in the proof of Theorem 2. Assume that H 1 (M w , V ) is 2-dimensional over k, so that H 1 (M w , V ) equipped with the Tate pairing is a hyperbolic plane. There are then exactly two maximal totally isotropic subspaces (lines), namely, the given Λ w and another subspace Λ On the other hand, it follows from the global Euler characteristic formula and global duality (cf. [DDT94] , Theorem 2.19) that the kcodimension of Sel s (V ) in Sel r (V ) is 1: the local conditions for Sel s (V ) are obtained by relaxing the local condition at w from the self-dual, 1-dimensional Λ w to the 2-dimensional H 1 (M w , V ), and the dual of the relaxed condition at w is the strict condition at w defining Sel s (V ). . By Kolyvagin's result stated in Theorem 1, we know that Sel(E/K, ℓ) is 1-dimensional over Z/ℓZ, generated by the image of the Heegner point P under the Kummer map. Therefore, the parity lemma implies Theorem 2.
Compatibility with the functional equation
In this section we study the signs of the functional equations for Lfunctions related to f and g. Let ǫ = ±1 be the sign of the complete
If W is the Fricke involution of level N , then W f = −ǫf by Theorem 3.66 of [Shi94] . Let χ be the quadratic Dirichlet character corresponding to K/Q. By [Shi94] , Theorem 3.66 and Lemma 3.63 (2), the sign of the complete
where r is the conductor of χ. Since the primes dividing N split in K and K is imaginary quadratic, one has χ(−N ) = χ(−1) = −1, and so the sign of Λ(f, s, χ) is −ǫ. Therefore, the sign of Λ(s, f ) × Λ(s, f, χ), which is the complete L-function of the base change of f to K, is −1. By the compatibility of the Eichler-Shimura construction with the local Langlands correspondence (cf. [Car86] ), the complete L-function Note that if ℓ does not divide P in E(K p ), then, since the dimension of F ⊗ R A(K) is 0, one finds that the rank of A/Q is 0. The following lemma shows that this conclusion is compatible with the parity prediction of the Birch and Swinnerton-Dyer conjecture over Q.
Lemma 10. Suppose that ℓ does not divide P in E(K p ). Then the sign ǫ ′ of the functional equation of Λ(s, g) is +1.
Proof. Owing to the congruence between f and g, we have
as one sees by comparing the local Galois representations at p associated to f and g. According to Lemma 1, the congruence in (6.1) holds with a p (g) replaced by −ǫ. Since p + 1 is invertible modulo ℓ by assumption f), we have, therefore, a p (g) ≡ −ǫ (mod λ). As a p (g) = ±1 and ℓ = 2, we conclude that a p (g) = −ǫ. Let α be the root in Q ℓ of the Hecke polynomial T 2 − a p (f )T + p that is congruent to −ǫ modulo λ, and let β be the other root. Consider the oldform with coefficients in Z ℓ
in the old space for f at level N p. The form h(z) is an eigenfunction of the Hecke operators T q for q prime to N p and of U q for q dividing N p; the eigenvalues at q prime to p agree with those of f , and at p, we have U p h = αh. Since α ≡ −ǫ (mod λ), the reductions g, h ∈ S 2 (Γ 0 (N p), F ℓ ) are eigenfunctions for the Hecke operators T q for q prime to N p and U q for q dividing N p with the same eigenvalues. Since both of these cuspidal eigenforms have a 1 = 1, we have g = h by the qexpansion principle.
For a prime q dividing N , let W q be the Atkin-Lehner involution at q for level N . Since f is a newform with new level N , it is an eigenfunction of all of the W q . Let W q f = ǫ q f . Then the sign ǫ is − q|N ǫ q .
For each q dividing N p, let W ′ q be the Atkin-Lehner involution at q at level N p. Since g is a newform at level N p, it is an eigenfunction for all of the W 
Examples
We now give two examples. The data consist of a 4-tuple (E, K, p, ℓ) satisfying hypothesis a)-f). The examples are chosen so that the lifted form g has rational Fourier coefficients. In this case, we have Q(g) = Q and R = Z; the abelian variety (A, i) is an elliptic curve, and the Idescent on (A, i) is simply the ℓ-descent A. We wish to thank Noam Elkies and William Stein for help with the computations.
The first example is:
and the modular form f associated to E has q-expansion
, and E(Q) is free of rank 1, with generator e = (2, 1). The Heegner point P associated to K is equal to ±2e. This is not divisible by ℓ = 5 in
Their is a unique newform g of weight 2 and level 114 = N p where W 
The Selmer group Sel(A/K, 5) = 0, and A(K) has rank 0. The second example is
The minimal equation of E is (cf. [BK75] ):
and the modular form f associated to E has q-expansion beginning
The sign in the functional equation of L(s, E) = L(s, f ) is ǫ = +1, and E(Q) ≃ Z/3Z. The Heegner point P associated to K has x-coordinate x(P ) = 1700/711, and generates the free group E(K)/torsion. On the other hand, since the denominator of x(P ) is divisible by p = 3, the point P reduces to the identity (mod 3) and is divisible by ℓ = 5 in E(K 3 ). We note that E has three points over the field with p = 3 elements, and fifteen points over the field with p 2 = 9 elements. In this case, g is the unique newform of weight 2 and level 78 = N p. It has Fourier expansion beginning
and is congruent to the old form f (τ ) + 3f (3τ ) (mod 5). The elliptic curve A has minimal equation
and rank 0 over Q. Since P is locally divisible by 5 in E(K 3 ), the Selmer group Sel(A/K, 5) has dimension 2 over Z/5Z. In fact, A(K) has rank 2. In the twisted model over Q: In this appendix, we give an expanded discussion of the I-descent used on the abelian variety A/K and its Néron model above. In order to have results general enough to apply easily to group schemes such as the Néron model, we begin very generally with some abstract constructions on sheaves. We then specialize to the sheaves represented by smooth group schemes, explaining how to apply the abstract results to such cases.
A.1. First descent with endomorphisms. Let R be a commutative, unital ring, and let I ⊂ R be an ideal. Let A be a sheaf of R-modules on some site S, and assume that A is I-injective in the sense that the map of sheaves
is surjective. (Note that for any R-module M , the presheaf T → Hom R (M, A(T )) is a sheaf.) The kernel of this map is Hom R (R/I, A). Associating to a sheaf homomorphism R/I → A the image of the section 1 identifies Hom R (R/I, A) with A[I], the sheaf of sections of A killed by elements of I. We thus have an exact sequence of sheaves
The boundary map
in the associated long exact sequence in cohomology is the Kummer map. From the long exact sequence, we see that the kernel of the Kummer map is the image of Hom R (R, A(S)) = A(S) in Hom R (I, A(S)). Similarly, the cokernel of the Kummer map is the kernel of
If I is invertible as an R-module, then we have
where I −1 = Hom R (I, R). Here I −1 ⊗ R A denotes the presheaf
which is a sheaf since I −1 is a flat R-module. Thus we have the exact sequence of sheaves
The kernel of the Kummer map
is the image of R ⊗ R A(S) = A(S), and so the Kummer image is (I −1 /R) ⊗ R A(S), or, equivalently, it is I −1 ⊗ R (R/I ⊗ R A(S)). In this case, we also have
The cokernel of the Kummer map is then the kernel of
which is H 1 (S, A)[I], the I-torsion of the R-module H 1 (S, A).
If S is the smallétale site of Spec(K) for a number field K, we define Sel(A/K, I), the I-Selmer group of A, to be the subspace of classes x ∈ H 1 (K, For a concrete example, let S be the fppf site of a field K, and let A is the sheaf represented by an abelian variety over K on which R acts as endomorphisms. Assume that I is invertible as an R-module. Then, as explained in the next section, Hom R (I, A) = I −1 ⊗ R A is also represented by an abelian variety, on which R acts as endomorphisms. A.2. Smooth R-module schemes. Let R and I be as in §A.1. Assume moreover that I is finitely presented as an R-module. Let X be a scheme and let G/X be an R-module scheme. The choice of a presentation of I produces a scheme representing the fppf sheaf Hom R (I, G): let R ⊕r → R ⊕s → I → 0 be an R-module presentation. Then the kernel of G ⊕r → G ⊕s represents Hom R (I, G). We fix a presentation of I and write Hom R (I, G) for the representing scheme as well as the sheaf. Many scheme-theoretic properties of G/X carry over to Hom R (I, G). For instance, if G/X is separated (resp. quasi-compact, quasi-separated, locally of finite type, locally of finite presentation, proper, ...), then so is Hom R (I, G)/X. Note finally that if I is invertible as an R-module and G/X has connected geometric fibers, then so does Hom R (I, G): the surjection R ⊕s → I splits, and so Hom R (I, G)/X is a factor of G ⊕r /X, which has connected geometric fibers. Assume from now on that G/X is smooth and that I is invertible as an R-module. It follows from the functorial criterion for smoothness that Hom R (I, G)/X is smooth. Furthermore, there is a natural isomorphism Hom R (I, Lie(G/X)) = Lie(Hom R (I, G)/X), and so the relative dimensions of G/X and Hom R (I, G)/X agree.
The kernel and cokernel of the map on Lie algebras
Lie(G/X) → Lie(I −1 ⊗ R G/X) = I −1 ⊗ R Lie(G/X) are coherent sheaves on X on which R acts and that are annihilated by I. Thus if I contains the image of ℓ ∈ Z such that ℓ is invertible on X, this map is an isomorphism, and G → I −1 ⊗ R G isétale. By [SGA70] , Exposé VIB, Proposition 3.11, if G/X has connected geometric fibers, the map G → Hom R (I, G) isétale and surjective, and so the sheaf on the smallétale (or fppf or fpqf) site of X represented by G/X is I-injective.
Alternatively, assume that G/X has connected and semi-abelian geometric fibers, and that I contains the image of any non-zero ℓ ∈ Z. The multiplication-by-ℓ endomorphism of G is then surjective. Since G → I −1 ⊗ R G factors through multiplication by ℓ, the geometric fibers of I −1 ⊗ R G/X are connected, and the relative dimensions of G/X and I −1 ⊗ R G/X agree, the homomorphism G → I −1 ⊗ R G is also surjective. By [SGA70] , Exposé VIB, Proposition 3.11, the homomorphism G → I −1 ⊗ R G is then flat and surjective. Consequently, the sheaf on the fppf (or fpqf) site of X represented by G/X is I-injective.
In either of these cases, since G → I −1 ⊗ R G is flat, the kernel G[I]/X is flat and quasi-finite for dimensional reasons. If G/X is proper, then G[I]/X is moreover finite and locally free.
